Journal of Statistical Physics, Vol. 56, Nos. 3/4, 1989

Finite-Size Scaling for the Mean Spherical Model
with Inverse Power Law Interaction
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A new analytical technique based on integral transformations with Mittag—
Leffler-type kernels is used to derive the finite-size scaling function for the free
energy per particle of the mean spherical model with inverse power law
asymptotics of the interaction potential. The asymptotic formation of the
singularities in the specific heat and magnetic susceptibility at the bulk critical
point is studied.
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1. INTRODUCTION

Recently, Singh and Pathria™ and Shapiro and Rudnick® have developed
systematic approaches to the derivation of critical finite-size scaling proper-
ties of the fully finite spherical model with nearest neighbor interactions.
They have tested the Fisher-Privman hypothesis that near a conventional
critical point 1=0, =0, where 1= (T— T.)/T, and % are the reduced tem-
perature and field variables, with algebraic divergence of the zero-field
correlation length, the singular part of the free energy density, /5"2(z, &), of
a finite d-dimensional hypercubic lattice system of N= N sites, may be
expressed in the form

JNE(t h) >~ Ny “Y(e tNg", e, hNG") (L)
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valid for d less than the upper critical dimension d... Here v and 4=§+y
are the usual critical indices, ¢, and ¢, are system-dependent scale factors,
and Y(x,, x,) is a universal function of the scaled variables

X =cINY",  xy;=c,hN§" (1.2)

An extensive study of finite-size scaling near the first-order phase
transition boundary of the spherical model with long-range interaction,
decaying at large distances r as » ~¢~° with ¢ > 0, has been carried out by
Fisher and Privman.® The thermodynamic properties of this model were
studied by Joyce, who found the critical indices to be o-dependent for
d.<d<d., where d_=0 (d. =20) is the lower (upper) critical dimen-
sion. The asymptotic finite-size corrections to the equation of state at tem-
peratures 7'< T, have been obtained in ref. 3 by using a method of direct
evaluation of the discretization error at the approximation of a certain type
of d-fold sums by the corresponding d-dimensional integrals.

A new systematic approach to the finite-size corrections in the equa-
tion of state of the mean spherical model with inverse power law interac-
tion of the type r~9~°, ¢ >0, has been developed in ref. 5. It exploits a
Laplace transformation technique, which allows one to reduce the problem
of the asymptotic evaluation of d-dimensional sums to the corresponding
one-dimensional problem.

In the present work a still more general analytic technique is
suggested, which allows one to handle the finite-size corrections to the free
energy density as well. The explicit evaluation of the scaling function
Y(x,, x,) may be necessary, e.g., for the determination of the scale factors
¢, and ¢,.V

The main idea consists in the use of the identities (see Appendix A)

In(1 +z"‘)=£:o dx(l—e=") x~1G,(x) (13)
and
(142" =j: dx e F,(x) (14)
with o> 0 and
G o(x) = 0B —x°) (1.52)

Fo(x)=x""1E, (—x*) (1.5b)
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where E,(z)=E, (z), and E, 4(z) is an entire function of Mittag-Leffler
type,® defined by the power series

Ea,ﬁ(z):éo F(ffﬁ_) (a>0) (1.6)
These identities with « =¢/2 and

z=y Hni+ - +nl)=y~?n? (1.7)
where

y={(p, '¢)" (No/2m), 0<ox2 (1.8)

allow one to easily calculate d-dimensional Fourier transforms of the
summands in expressions like

UGdg)=In(p, '¢)+ N5 3 In[1+(y~"[n))7] (1.9)
neSyd
and
Wi @) =¢~'No? Y [1+(nfy~")"1"" (1.10)
neSyy

where the summation is carried over the set (N, odd integer)

No—1 No—1
SN,d={— > 0%—} (111)

The further asymptotic analysis of sums (1.9) and (1.10), which enter into
the expressions for the free energy density and the equation for the spheri-
cal field [¢ is a linear function of the latter, see Eq. (2.9) below], respec-
tively, may be accomplished with the aid of the Poisson summation
formula” and the Ewald summation technique‘® in complete analogy with
the case of nearest neighbor interactions, which formally corresponds to
o=2.

In the present paper it is found convenient to expound a new method
in close parallel to the approach of Singh and Pathria.’”) This is expected
to facilitate the extension of other results available at o =2 to the case of
O<o<2

In Section 2, the notation used in the description of the model is intro-
duced and basic expressions for the free energy per particle and the equa-
tion for the spherical field are given. The method of derivation of the
asymptotic form of sums (1.9) and (1.10) when N, — oo and ¢ — 0 so that
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#N§ remains constant is expounded in Section 3. Section 4 contains a
derivarion of a new finite-size scaling form of the equation for the spherical
field. The main result on the finite-size scaling function for the free energy
per particle is obtained in Section 5. Some mathematical aspects of the
suggested technique and new ‘consequences of the general results obtained
here are mentioned in the discussion in Section 6. The proofs of identities
(1.3) and (1.4) and some necessary properties of Mittag—Leffler-type func-
tions are given in Appendix A. Appendix B contains a brief rederivation of
a different representation of the equation for the spherical field, obtained
first in ref. 5.

2. THE MODEL

We consider the ferromagnetic mean spherical model.”) Let o(r)e R*
be the dynamical variable at site re Z¢, and —J(|r—1'|), J(0)=0, be the
pair interaction potential between the variables at sites r and r'. For any
subset 4 = Z? denote by a(A4)= {a(r), re A} the configuration in 4 and let
the interaction energy of o(A) at fixed boundary configuration ¢(Z%\ 4) be

Hlo(4)|o(Z"\A)]=~ ¥ J(r—r])o(r)o(r)

{rr'}cd
-Y % Jr-rheter) (1)
red r'eZN\4
Given a hypercubic region 4= {1, .., N} of N= N sites and periodic
boundary conditions, ie., a(r + Not) = a(r) for any te Z% the total energy
of 6(A) in an external magnetic field H e R' acting only on a(r), r € A4, may
be written in the form
Hy[o()]=— Y JIyr—r)or)o()—H }, o(r) (22)
{r,r'}e=4a red
where
T =Y, Ju(lI—Not|) (23)
tez4
is a periodic function of the components of ! with period N,, which
includes all the interactions with the repeated images of the system. The
series in (2.3) is assumed absolutely convergent.
The partition function of the Gaussian model with Hamiltonian (2.2),

in the canonical Gibbs ensemble with temperature T=$"'>0 and
spherical field s, is defined as

Z MK, L, S)ZJRN exp{—ﬂHN[a(A)]—s Y [a(r)]z} I1 do(r) (2.4)

red red
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where K= $J(0), L=pH. The exact evaluation of the multidimensional
integral in (2.4) with Hamiltonian (2.2), containing a cyclic interaction
matrix, is readily achieved by using a Fourier transformation. The Fourier
transform of the interaction potential,

Jq)=Y Tul)exp(—il-q), q=27n/N,, neSy, (25)

led

defined for convenience on the d-dimensional torus (1.11), is assumed to
have the long-wavelength asymptotic form

J@)=JO)1-p,lql°),  la=0, >0, p,>0 (26)
which corresponds to the inverse power law behavior J(r) ~r~“~° at large
separations r. The asymptotic form (2.6) determines the leading finite-size
corrections to the thermodynamic properties for dimensions d<d..
Following refs. 3 and 4, we fix the function J(q) for qe(—n, n]? and
account for the size of the system by choosing the appropriate discrete set
of vectors g; see (2.5).

The thermodynamic potential per particle for the Gaussian model,

apMK, L, S)= —(fN) 'In Z (K, L, 5) 2.7)

is given with sufficient accuracy by its long-wavelength approximation

1 p, K L* 1 N)

=2 T2k T2 de

(4) (2.8)

where U{")(¢) is the d-fold sum defined by Eq. (1.9), and
$=2s/K—1 (2.9)

is a parameter related to the spherical field s.
The free energy per particle for the mean spherical model, fy(K, L), is
defined by the Legendre transformation

Bfw(K, L) =sup [Ban(K, L, s)—s] (2.10)

The supremum in the right-hand side of Eq. (2.10) is attained at a point
s=s,y(K, L) which obeys the equation

ﬂ;%aN(K, L,s)=1 (2.11)
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or, explicitly,

W&f?(«ﬁ):K[l -(%’;ﬂ (2.12)

where the d-fold sum W{")(¢) is defined by Eq. (1.10).

3. GENERAL ASYMPTOTIC ANALYSIS

We need asymptotic expressions for the sums (1.9) and (1.10) when
Ny— 0, ¢ —0, so that y [see Eq.(1.8)] remains finite. The technique
suggested here is based on identities (1.3) and (1.4), the application of
which to the summands in (1.9) and (1.10), respectively, allows one to
factorize the d-fold summation. Thus we obtain the representations

UL =In F+ [ dx (1= [QufxF)]) (3.1)
and

OO =9 F" | dxLOn 2] Fonl) (32)

where ¢ = ¢/p, and

1 (No—1)/2 5
efa(lnn/No) (33)

Qwola)=

NO n= —(No—1)2

The asymptotic analysis of (3.3) when N, — oo follows standard
procedures. First we define a periodic function of ne Z' with period N, by

setting
2nn 27n\? N, N,
(») — DY Bt ___9 o
(o) x| (%) | e[ -33] e

2n 2nn
g(p) (FO (n + kNo); a) = (p) ( ~

0

and
; a) , kez! (3.5)
Then we have the Fourier series expansion

2 ‘ & :
g(p) ( n a> _ z eznzkn/Nog(k; a) (36)
N() k

= —o0
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where

1 N2 . 2np
A k, ) =— d e72mkp/N0 (») (_’ a)
§(k; a) N, fﬁ won P g7\ N,

:_}_Jn df o~ %0~ ad?
2n ),

1
= (4na)~ 2 e~ K1 Re @ (nal/2+52‘kal/2> (3.7)
Thus, by inserting (3.6) into (3.3), we obtain

On(@)= T &(Ny;a) (3.8)

/= —o0

where
3(0; @) = (4na) " D(rna'?) (3.9)
and, when /#£0,
$(INy; a) = (4ma)~ "2 e~ PNoi*a Re d(na'? + LilNya =)
~ (4na) =12 ¢~ Noa (3.10)
since for all a >0,
|ma'?+ LilNga='"?|?2 Ny |I| > 0, Ny— oo, [#0 (3.11)

and the error function @(z) tends to unity exponentially fast as |z| — o0 in
the considered sector of the complex z plane.
By inserting the asymptotic form (3.10) into (3.8), one obtains

O no(a) = (4na) ™2 D(na'?) + (dna)="2 Y e M (312)

/= —o0

where the prime in the sum denotes that the term with zero summation
index has been omitted.

Next, upon raising (3.12) to the power d, one makes the approxima-
tion

[Qn(a)]? = (4na) =4 {[di(na”z)]d—i» 3 e"”zN(z)/“”} (3.13)

lez?

which follows if, in all terms of the form

[D(ra'?)]m e 11 No/sa (3.14)
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with 1<m<d—1 and |l| #0, one replaces the error function @(na'’?)
by unity. This approximation is legitimate since the exponential in (3.14)
effectively cuts off the contribution from small values of a.

The use of the asymptotic expression (3.13) in Egs. (3.1) and (3.2)
completes the separation of the leading finite-size effects from the bulk con-
tribution:

Ugd(#)=Uy,(4)+0ULX$) (3.15)
Wid(d) =Wy, (4)+Wi($) (3.16)

Here the corresponding bulk terms are
Uyo(@)
Go’/Z(x)

—In g+ [ dx{1 = (dmx) 92 F@x G T2 )
4]
Wd,a(¢)

= (dm) 42 p e [T dex P F VN o) (318)

and the leading finite-size corrections are given by

SUGN#)

~ —(4m) 92 e gjz’d f:o dx x ~ Ty G%(x) (3.19)
SWEAS)

~ (4n) =92 p iUt ,Zzld f:o dx x = W= UTE (%) (3.20)

4. ASYMPTOTIC FORM OF THE EQUATION FOR THE
SPHERICAL FIELD

The asymptotic form of Eq.(2.12) as Ny— o0, ¢—0, so that
@N{§ =const, has been studied in ref. 5 by using a Laplace transformation
technique equivalent to the use of identity (1.4). It was shown there that
when g <d< 20, the solution ¢ =¢,(K, L) of this equation, in the finite-
size scaling critical region defined by the finite values of the scaled variables

X1 =paKc[1 _K/Kc] Ngia

—12 (d+ )2 (4.1)
x2 = (po'Kc) LNO
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has the asymptotic form

Pn(K L)~ p,Ngg(x,, x,) (4.2)

where g= g(x,, x,) is the solution of the equation (see Appendix B)

g ' —¢ Z/d el [Cr )+ gl = =X, —(x,/g)*  (43)
with
Cd,cr

e T o

ilz

Here a new representation of the equation for the spherical field (2.12)
is derived which is a direct extension of the equation due to Singh and
Pathria.”) To this end we make use of the integral representation (see
Appendix A)

Fopx)=(4m) 2 x 2 [ dtiE, (—17) e~ (4.5)
0

and transform expression (3.20) to

SWGAS)
d—o
— plgm@r (2‘_) p(iﬂ) Z/ Cr i)y~ w, 2n |l y)
7 No 2 1ez¢ ,
(4.6)
where
Waol2)= [ dret(147) @R E, (1) (4.7)
0
At 0 =2, by making use of the fact that
sin x'/?

Ez,z(—x)=—F72—, x20 (4.8)

and by integration by parts in Eq.(4.7) with account of the integral
representation of the modified Bessel function

K(yz)=(2z)"n "y I'(v+1) f di(z® + %) 7" =12 cos(1y)
0

(y>0, Jargz|<mn/2) (4.9)
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one verifies that expression (4.6) reduces (up to a slight difference in
notation) to the well-known form

SWi%(é)
T 4-2 '
~ (2p,) " tn <Fy) > , (my 1))~ 272 K 5p(2r |l y)
o tez (4.10)

In the general case of 0 <o <2, the equation for the spherical field
(2.12) in the finite-size scaling critical region (4.1) now follows from (4.6)
and the known expression for the bulk term®*

Wiold) =K, —p;' Dy d% " (4.11)
It reads

d+1 )
2d"“n‘d1>/2*"r<T) Y Q) T w, (2n 1] y)

lezd

— D, (2my)* " = —x; = x3(2my) % (4.12)
In the limit y - 0" one may use the approximation

> Qull) = w2 ] y)

lezd
—o N A2 o 112,

~ (y?ﬂ?]_g—(?;ﬁfo dr ¥~ Y, (1) :2dﬂd/fr(();+ o 419

where the integral (A.16) has been used. Hence
SWGHB) = p, !Ny °(2my) =, y—>0* (4.14)
and Eq. (4.12) reduces to the asymptotic form
X3(2my) 7 + Q2ry) > —x,

which has the (positive) solution

(2my)® =~ 3 lx, ) 7 LA +4 x| x3)7 + 1] (4.15)

when x; —» —o0.

An approximation in the limit y — +o00 is most readily obtained from
the initial expression (3.20). By substituting there the asymptotic form [see
(A.14)]

an g

a
Fg/z(x):£51n<7>r (5)“/2‘2 x> 40 (416)
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and integrating, one obtains, for 0 <o <2,
SWINP) = p; "My Ny 4+ 2°(2my) ™%, p— 4o (4.17)

where

Md’a:n_d/zisin (%)r(%)r(@“) ST (4.18)

le 74

It should be noted that this result cannot be continued smoothly to the
case ¢ = 2, since then F,,(x) falls off exponentially fast,

Fi(x)=e"> (4.19)
and, correspondingly, from (4.10) one obtains in the limit y > 1:

SWNP) = p; 'Ng “H(4n) 1 dy“=e ™,y (4.20)

In any case, dW{Y)(4) does not contribute to the leading asymptotic form
of the equation for the spherical field, which in the limit under considera-

tion is
D, ,(2ny)* 7 ~x, (4.21)

Hence
(2ny)":Ddf;’/“"")x‘l’/‘d‘“’, X, = 4o (4.22)

5. ASYMPTOTIC FORM OF THE FREE ENERGY PER PARTICLE

It is convenient to transform the bulk term (3.17) with the aid of the
identity [see Appendix A, Eq. (A.18)]

nf= — jo‘” dx x 7 [Gop(xP7) — Gyp(x)] (5.1)
to the form
Uaol®)=A4,— Boo(P) (5.2)
where
Ago=[ s 1= () P [O Golt)  (53)
and

Buol@)=(4m) = [ 12 (@ (")) [Gp(F70) ~ Gonl)] (54)



320 Brankov

By using identity (A.11), one directly verifies that

d
7 Usold)=Wao(9) (5.5)

and, therefore, from Eq. (4.11) one finds

Usol$) 2 Usol0) + 9, K= D 57 (56)

The finite-size term (3.19) may be transformed with the use of the
integral representation [see (A.7)]

Goalx) = (dm0) 2 | " G) e du (5.7)
0
to the form
dUG)(9)
—d d, . (d—1)/2 d+1 / —d
= — Ny %62%%! r — ST @) ug, 2|l y) (5.8)
1ezd
where
ud,a(z)sz de(l +12) =@ D2 E (_125%) (59)
0

One may notice that at ¢ =2,
E,(—1%2%) =cos(1z) (5.10)

and, with the aid of the integral representation of the modified Bessel
function (4.9), expression (5.8) reduces to the form

5U§,g>(¢)=—2nd/2<%y-> Y (my 1) Kyp(2my ) (5.11)

0 tez74

known (in a slightly different notation) for the mean spherical model with
nearest neighbor interactions.*

Thus, by collecting the results (2.8), (3.5), (5.6), and (5.11), one
obtains for the thermodynamic potential per particle of the Gaussian
model with spherical field s given by [see Eqgs. (1.8) and (2.9)]

1 2my\°
- 1 i )
s 2K[ +p"<No) }, y fixed (5.12)
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the following asymptotic expression:
ﬁaN(Ka La S)

1 1. p,K L* [Ny\° p,K[2my\°
22U (0)4-InPel & (Do) Pl Ty
3 UaolO) 300 2pgK<27ty> 3 <N0>

d+1
() sy e ()

xS Qu )~ ug (2 |l y)] (5.13)

lez4

Finally, in the finite-size scaling critical region (4.1) the free energy per
particle of the mean spherical model, defined by Eq. (2.10), takes the form

1. p,K 1
Usol0) +5In ==~

K+ Ny, (x;,x;)  (5.14)

B =

Bfu(K, L)~

where the finite-size scaling function Y, .(x,, x,) is given by

x2 1 ¢
Vaulits 33) = = ot (5= 35) Dastm)”
d ,
~n) e () o X @n ) “un )
lez4
Ly Y Qull) w2 ] y)] (5.15)
lezd

where y = y(x,, x,) is the solution of Eq. (4.12). This equation generalizes
the corresponding result of Singh and Pathria to the case of arbitrary
O<o<2.

With the use of Eq. (4.12) one can write (5.15) in an alternative form,

Yot %)= g xa) b2 O (e, )
Xy)== —= -
dyo\1s A2 2g 1s X2 zg(Xl,xz) 2d d,ag X1, Xp

— g(dm)@— 2 (f“"_l)
2

x 3 @rll)ug (1 g (x,, x,)) (5.16)

1e 74
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Let us consider now the asymptotic forms of ¥, ,(x,, x,) as x; » +co.
In the limit y > 0% (x; » —o0), we use the approximation

Z’d 27 (1)~ ug (2m 1] y)
leZ

1 2n e

—@2r) I(d)2) 2y

1/2

—an T l
~ (4n)~ ¥ @i 1ny+const (5.17)

drr 'ug(r)

where it has been taken into account that

Joo drr*E (—r°t°)

2ny

Il

—In(2nyt) E (—(2myt)”) + const

12

—In(27yt) + const (5.18)
Therefore,

1
SUM(P)~ —Ny % (ln—+const>, y—=0"* (5.19)
' y

and the leading asymptotic form of Y,,(x;, x,) when x; » —o0, x, finite,
becomes independent of a:

1 21172 1 (1+4|x1|x§)1/2+1
Y o(xy, x5) > 5 (144 |x] x3) +21n 2 x| (5.20)
In the limit y — oo (x; - +0o0) the term
SUGNP)~ —Ng My (ny) ™7,  y— o0 (5.21)

does not contribute to the leading asymptotic form of ¥, (x,, x,), which
becomes

d—o

2d

Y.(x, x,) = D(Z;/(dkg)xcf/{d#a)s X; = +0 (5.22)

We note again that the asymptotic expression (5.21) cannot be
continued smoothly to the case ¢ =2, when it becomes exponentially small:
SUN($)~ —Ng 2 dy'd=12 e =2 (5.23)

However, the asymptotic form (5.22) reduces at ¢ =2 to the known
expression. )
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6. DISCUSSION

In the present paper we have found the o-dependent scaling function
Y,.(x;, x,) for the free energy per particle of the mean spherical model
with an interaction potential falling with distance r as r =~ when r — 0.
A convenient representation (5.16) of Y, ,(x;, x,) has been obtained, which
involves integral transforms [see Eq. (5.9)] of the simple function square-
integrable over (0, o)

vt)=(1+73)"“*+D2 £ (0, )

with the Mittag-Leffler kernel E,(—1°z"). Such transforms are a particular
case of more general transformations with Mittag—Leffler-type kernels,

P IE, fe®1?x®), x>0, tan<o<2n—ian

in the class of functions square-integrable over (0, o), the mathematical
theory of which has been developed.®’ The suggested new analytical
technique may be successfully used to generalize a number of results on the
spherical model with different geometry and boundary conditions.*

Here we point out that some new information about the contribution
of the long-distance asymptotics of the interaction potential to the forma-
tion of the critical bulk singularities of the mean spherical model can be
derived from our results.

When t =(T—T,)/T. — 0, the singular part, c§(K, 0), of the zero-field
specific heat per particle is given by

2

0
(K 0) = —p2KING™ "2 V(1. 0) (6.1)
1

The differentiation of the scaling function (5.16) with respect to x,, by
taking into account Eq. (4.12), yields

0 1
a_xl Yd,a'(xl’x2)=§g(x1’x2) (62)
Therefore,
) 1 s 201a 0
(K, 0)~ ~'2’.0¢7KCNO Eg(xlzo) (6.3)

1

In the limit x; > —o0 one may use Eq. (4.15) to obtain from (6.3)

ey (K, 0) = —3p2 KING* " 1x,| 72, x;—> —o0 (6.4)
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Hence, the singular part of the specific heat just below the critical point
behaves as

V(K 0)> —3Ng“lt| 2 10" (6.5)

independently of the interaction potential parameter o.
When x, —» +o0, the use of Eqs. (4.22) and (6.3) yields

(s)(K 0)~ _ —2a'+d(pUK )2 a'/(d a)x(Za d}/(d— o) (66)

(2
2d—0)

i.e., just above the critical point one obtains in the leading order

[0
R 0) 2 =5 (p K477 D@ e ido, 0

(6.7)

The known value of the critical exponent «, for the singular part of the
specific heat follows from Eq. (6.7):

20—d

o= — , g<d<20 (6.8)
d—o

Thus, we see that the low-temperature branch of the singular part of
the bulk specific heat, ¢)(K, 0), is asymptotically built out of a (vanishing
in the thermodynamic limit) function [see Eq.(6.5)] which does not
depend on the decay parameter ¢ of the interaction potential.

An analogous situation is observed in the case of the magnetic suscep-
tibility y »(K, L). By differentiation of the magnetization per particle,

my(K, L)= ﬁfN( (6.9)

J(O

with allowance for the dependence of ¢, on H through the equation of
state [see Egs. (4.2), (4.3)], one obtains

NG l:l_ X2 ag(xuxz):l
paKg(xlz x2) g(x19x2) axZ

TypK, L)= (6.10)

Therefore, for the zero-field susceptibility in the limit x, > —o0, one finds,
by using (4.15), the following leading-order expression

NU
A K, 0) =~ Ao |x41, Xy —0 (6.11)
p.J(0)
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Hence
XN(KDO):ﬂC |tl Ng: l_’O_ (612)

ie., the low-temperature branch of the bulk zero-field susceptibility per par-
ticle is again asymptotically built out of a (diverging in the thermodynamic
limit) function that does not depend on the decay parameter ¢ of the inter-
action potential.

In the limit x, — oo from (4.22} it foliows that

An(K, 0) = NgLp,J(0)] " D= )xoltd=o) (6.13)

which implies that the singularity at the critical point from above is charac-
terized by the o-dependent critical exponent y = g/(d —o):

An(K, 0) = B DY p,K) 4 Do 150" (6.14)

It is interesting to note that the low-temperature asymptotic expres-
sions (6.5) and (6.12) hold even in the extreme case of the infinitely coor-
dinated Husimi-Temperley mean spherical model with N= N¢ spins.

Finally, we remark that the leading finite-size corrections to the free
energy density and to the equation for the spherical field, when N, — 0,
# — 0 so that §N§ remains finite, were found to be of the form

SUGNP) = Ng “f1(¢N?)

(M) —dtop g , d (6.15)
OWLNP)~ Ny °f 1 (#N}), fl(x)zafx(x)

provided one takes into account only the leading asymptotic form (2.6) of
the Fourier transform of the interaction potential. Although the explicit
expressions for the functions f;, £}, which follow from Egs. (5.8) and (4.6),
respectively, are valid for any 4> 0, ¢ > 0, finite values of ¢N satisfy the
equation of state when ¢ — 0, Ny — oo only if 6 < d < 20. The correspond-
ing bulk contributions are given then by (5.6) and (4.11).

~ The modifications of finite-size scaling for d<o and d>2¢ will be
considered elsewhere (see also ref. 2).

APPENDIX A

The Mittag—Leffler-type functions are entire functions of finite order of
growth, defined by the power series®

=] Zk

Ea,ﬂ(2)2k§0 m, a>0 (Al)

822/56/3-4-6
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In particular, the function E,(z)=E, ;(z) has been introduced by Mittag-
Leffler. A rather complete study of these functions can be found in ref 8
(see also ref. 6).

Here we are interested in the properties of functions (A.1) when
O<a<2and f=0.

To derive the identity (1.3), one may start with the known integral®

B 1
j di e "E(°2) = —— (A2)
0 1—z

which converges in the complex z plane to the left of the line Re z'/*=1,
larg z| < Jam. By setting here z= —p~% p>0, and 7 =xp, one obtains the
Laplace transformation®

jw dx e—P*E (—x*) = Re p>0 (A3)
1]

Equation (1.3) now follows by integration of (A.3) over p from zero to z.
The identity (1.4) may be derived from a more general integral

0 1
j die='1PE, ,(1*y) = (A4)

0 11—y

which is readily obtained by means of term-by-term integration with the
use of series (A.1). By setting in (A4) y= —z~% z>0, and t=xz, one
obtains the Laplace transformation'”

7B

J dx e *xP71E, J(—x*) =

A.
0 1+2z* (A-3)

Hence p =« yields Eq. (1.4).
Particular cases (1.1) and (1.2) follow from general identities (1.3) and
(1.4), respectively, considering that

E(z)=E, (z)=¢" (A.6)

The integral representation (5.7) is equivalent to
E(—1)= (m)*l/zf du Eyp(—u?) e 4 (A7)
0

which may be obtained by means of term-by-term integration of the series
representing the integrand.
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In order to derive the integral representation (4.5), we write down

(4nx) =2 [ di 1, (~17) e
[}

0 (_1)k 20(k+1)xa(k+1)/2

—1/2 - l
S C(TeY) F(z"“‘*”%)

I

o2

— /2 - -1 k —_ a/ZE /2 A8
X kZ::O (1) _—F(%G(k+ 1) X o/2.a2(—X%) (A.8)
The differential relation (5.5) follows from the identities

© (_l)kzak

d
a; [Zan:,zx+ 1(_261)] :Za71 Z

wo L (ak+a)
zza;lEoz,zx(_Za) (Ag)
and
o0 . Zak
sz ey — _1 -
Z oc,a+l( z ) kgl ( ) F(xk—l—l)
=1—E,(—z% (A.10)
Hence
d -1
——E(=2%)=2"""E, (—2z% (A.11)
dz ’

In the derivation of asymptotic expansions (4.16) and (5.21) we have
used the leading asymptotic behavior of E,(—x*) and E, ,(—x*) when
x — o0, which follows from the following lemma.

Lemma®. Let 0<a<?2, B be an arbitrary complex number, and y
be a real number obeying the condition

jom <y <min{z, an}
Then for any integer p =1 the following asymptotic expressions hold when
|z] = o0:
1. Atlargz|{ <y,
—k

1 " L
E,jz) =2 et~ )

z pe1
2 —F(B~ak)+(9(‘zi ) (A.12)
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2. Aty<largz| <,
E Z)= — 3 e __k__+(9 Z 4 1 A 13

Notice that since I'(0) = oo, from (A.13) it follows that

— 20

E, (—x*)~ -h, x>0, a#l (A.14)
By integration of Eq. (A.11) one gets
j dz 2V 0E, (—z*)=1—E,(— %) (A.15)

0

Passing here to the limit # - oo, taking account of (A.13), one finds

jw dzz' *E, (—z%)=1 (A.16)
(¢}

As a direct consequence of (A.16), one obtains for any >0

[ axext B (—x) =1 (A.17)

0

The integration of Eq. (A.17) over ¢ from ¢ >0 to one yields the identity

=) 1
—In¢= fo dx x ! L dt x*E, ,(—x*1)

=ocfwdxx’l[Ea(—x“¢)~Eu(~x“)] (A.18)

0

where use has been made of the relationship

d 5] (_l)ktkflxak
= — X% = =L T = x*E. (—x% A.19
ag Bl=x= ¥ e FE, (=X (A19)

APPENDIX B

For the sake of completeness, a short derivation of Egs. (4.2) and
(4.3), obtained first in ref. 5, is given here.
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One starts by noticing that with the aid of the d-dimensional version
of the Jacobi identity (see, e.g., ref. 1)

2 \%? 21121
Y emaltt =<—> Y e mlie (B.1}
a

1ez4 tezd

the finite-size term (3.20) may be cast in the form

SWE()

el g ()
(B.2)

The integral in the right-hand side of Eq. (B.2) may be identically written
as a sum of two terms, I,(y)+ I,(y), where

© 2\ d/2 of2—1
no)=|, d"[,z;ﬂ”w (n)yc> ][ Forl) - 1073 /2)J

3)
1 0 , - TEyZ dj2
L(y)=—— dxx"/21[ e ¥y ( )
0)=Fo7m J Py .
Now, by making use of the identity (1.4), we see that
c/2—1
dx e 1177 [FG x —x—}
Zl TG
=y Y ety Yy + 11! (B.4)

le79

and, taking into account the small-argument asymptotic behavior of
F,;»(x), we may set

a/2—1

n'd/zydj dx x~ d/z[Fa/z(x) To/2)

} @) D,,  (BS)

whereby the constant D, is defined.
Next, I,(y) may be written as

I(y)= Y[ et

1
lim
F(J/Z) 50 {IeZd

d/2 d d —(d—0)/2—-1 y C
J e } I(o/2) *°

g

(B.6)
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where C,, is a Madelung-type constant®’

—m){z F< U >|1|"U~J ddrl”(;,é|r|2) |r|—a}

lez4
(B.7)
Collecting the results (B.2)~(B.7), we get®
W)= Wanld) + 07 N | GNG) 1 + —be
“e d (27)° I'(a/2)
+ Dy (BN~ —gNG Y 2rll) T
lez?
x [(2n |1])° + §N¢] —1} (B.8)

Now, Egs. (4.2) and (4.3) follow by the substitution of (B.8) and (4.1) into
(2.12) and by taking into account Eq. (4.11). The finite-size temperature
shift is identified as®

Cd, o

N=—(paKc)“1N5d+am

(B.9)
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